IOE 691: Approximation Algorithms Date: 02/13/2017
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1 Linear Programming

In general, linear programming (LP) can be expressed as:

maximize ¢!z

subject to: Ax <b
x>0,

where x is a vector of n variables, ¢ is the linear objective, A is an m x n matrix and b is an m
dimensional vector.

Theorem 1.1. Any linear program in n variables and m constraints can be solved optimally in
poly(n,m,log D) time, where D is the largest entry in c, A, b.

There are two methods to solve linear programs in polynomial time: ellipsoid and interior
point. In most practical instances, the simplex method does better; although its runtime is not
polynomial.

An integer program is similar to an LP, except that variables may be restricted to integer values.
IPs are NP-hard to solve. However many approximation algorithms work by (1) formulating an
integer program, (2) relaxing integrality to obtain an LP relaxation which can be solved efficiently,
and (3) rounding the optimal LP solution to an integral solution.

2 Metric Facility Location Problem

Here we have a set of locations, V = FUC, where F' denotes facility locations, and C' denotes client
locations. We are also given a metric (V, d), where d is denotes the distances between facility /client
locations. Recall that we have d;; = dj; for all ¢, j € V and d;; < d; +d;i, for all 4, j,k € V. For any
set S C V and vertex j € V we define d(j,S) = min;eg d;;. There is an opening cost f; associated
to each facility ¢ € F'. The goal is to open a set S C F facilities and connect each client j to some
1 € S so as to minimize the sum of opening and connection costs:

min > fi+ Y d(j,5)

= jeC



»

. - v.x =facility

®
j=client
Figure 1: Example of metric facility locations
2.1 Integer Program Formulation

Now we introduce an integer programming (IP) formulation. There are two decision variables:

1 if facility ¢ is open
T, =
‘ 0 if facility ¢ is closed

1 if client j is assigned to facilitys
Yij = .
0 otherwise

Then, the IP is as follows.

min Zfifri+ Z d;jyij

i€F i€C jeF
s.t. Zyijzl Vjel

S

Yij < X VieF,jeC

a:i,yl-je{(),l} VieF,jel

We obtain a linear programming relaxation from the integer program by replacing the constraints
z; € {0,1} and y;; € {0,1} with 0 < 2; <1 and 0 < y;; < 1. Note that the optimal LP value is
clearly at most the optimal value of the facility location instance. Let (z,y) denote the optimal LP
solution. Then we will round (z,y) to (Z,y) an integer solution. The main part of the analysis is

cost(Z,7)
cost(z,y) "

to bound the ratio

2.2 Rounding Algorithm

For any vertex v and radius r, define the ball B(v,r) = {uw €V : d(v,u) <r }.



Let L; denote the the LP connection cost of client j € C, we have:

Li=) dijyy

i€l

Zyij =1
i

We will use the ball around each client j with radius aL; where oo > 1 will be set later. We use

B(j,aLj) 2 Bj. See Figure 2.

Figure 2: Relation of J; and aL;

Now, we can follow the procedure to find which facility to open.
(1) Sort clients as: Ly < Lo < L3 < ... < Licy;

(2) Greedily pick a maximal set of disjoint balls in the order 1,2,...|C|. Let {B;,j € I} be the
chosen balls;

(3) Open the cheapest facility 7(j) in each {B;,j € I'}. Let S = {n(j) : j € I}.

2.3 Analysis

Let F* = > .cp fiz; denote the facility cost in the LP solution, and D* = ZieC,jeF dijyij its
connection cost. We first bound the facility cost of the rounded solution.
Lemma 2.1. The facility cost ) g fi < L

>9_1-
@

Proof. We will show fr;) < i Zkij fryjx for each j € C. The would then follow by the
disjointness of {B; : j € I}, by suofnming over all j € I.



We claim that Zkij yjr > 1 — L for each j € C. If not, then we must have ZkéB]- Yik > <,
which implies:

L.
Li=) djiyij > Y yiilaly) > 04;] = Lj,
i€F kgB;

a contradiction!

Now we have:

. > ken; JkYjk Yik
fay = min fr < T2 < Y il
keB; ZkEBj Yik kEB; 1—- a

As discussed above, this implies the lemma. ]

Next, we bound the connection cost.
Lemma 2.2. For each client j, the distance d(j,S) < 3aL;. So the connection cost < 3aD*.

Proof. Suppose j € I. Then d(j,S) < aL; as we open some facility in B;.

Now suppose j ¢ I. Then there is some p < j with B, N Bj # () and p € I. Let v denote some
vertex in B, N B;. Using triangle inequality,

d(j,p) < d(j,v) +d(v,p) < aLj + aLy < 2al;,
where the last inequality used the greedy ordering on clients. This implies:

d(j,m(p)) < d(j,p) + d(p,7(p)) < 3aL;.

So in either case we have d(j, S) < 3aL;. By adding over all j € C, the total connection cost is at
most 3aD*. O

Based on above lemmas, we have:
Theorem 2.1. There is a 4-approximation algorithm for metric facility location.

Proof. We optimize the choice of the parameter @ > 1. From the above, we know that the facility

cost < 1_1 —F*. And the connection cost < 3aL;. Then we have:

@

(67

F* 4+ 3aD* < max( 3a) - (F* 4+ D).

1
ALG <
—1-1 a—1
(0%
Setting o = % + 1, we get ALG < 4(F* + D*). We see that the overall cost is at most 4 times
optimal. ]



